Introduction
Designers of robotic systems are often caught in a dilemma whether to design a new mechanical system for moving a rigid body through specified locations or to use a generic, off-the-shelf multi-axis robot to perform the task. In most of the cases, the off-the-shelf robots are preferred, as they are ready to be used and do not require a prototype phase and a test phase as in the case of a newly designed mechanism. However, off-the-shelf robots are very expensive and considerably large in size. In addition, for repetitive tasks, which is usually the case, the use of multi-axis robots is highly unjustified as several of the axes remain underutilized because of the redundancy in degrees of freedom ͓1͔. On the other hand, if the designer decides to design and build a new system, the design algorithms either do not exist or are very complicated. Therefore, there is a need to develop design methodologies for spatial, task oriented robotic systems ͓2͔.
In this paper, the geometric design problem of revolute-revolute ͑R-R͒ spatial manipulators is studied and solved using polynomial elimination techniques. In this problem, three spatial positions and orientations are defined and it is desired to calculate the dimensions of the geometric parameters of the R-R manipulator, including the location of its base, so that the manipulator will be able to place its end-effector at these three pre-specified locations. Tsai and Roth ͓3͔ extending and completing previous work by Suh ͓4͔, Roth ͓5, 6͔ and Veldkamp ͓7͔ were the first to provide a polynomial solution to this problem where a minimum order polynomial of order 3 was obtained. They showed that this problem has six solutions at the most. Two of these solutions are real while the other four always stay in the complex domain. Suh ͓4͔ and Veldkamp ͓7͔ showed that the two spatial R-R chains that correspond to the two real solutions can form a four-bar Bennett mechanism.
Recently, Perez and McCarthy ͓8͔ proposed a new method to solve the geometric design problem of four-bar Bennett mechanisms and hence of spatial R-R chains. Their method combined Tsai and Roth's result with the geometric properties of the cylindroid associated with the Bennett mechanism.
Existing methods to solve the geometric design problem of spatial R-R manipulators used screw parameters to describe the kinematic topology of the R-R manipulator and screw displacements to obtain the design equations. However, during the last two decades Denavit and Hartenberg ͑DH͒ parameters have become the main tool to describe kinematically a robot manipulator ͓9͔. Also, 4 by 4 homogeneous matrices are used to formulate and obtain the kinematic equations. Roth ͓10͔ used DH parameters to formulate the design equations for a spatial R-R manipulator with a wrist. Due to the high complexity and number of the non-linear equations that are obtained from twelve precision points, Roth used a Newton-Raphson iterative algorithm to solve this problem. Ceccarelli and his co-workers ͓11,12͔ using a similar DH formulation as in ͓10͔ developed analytical solutions to the path generation problem of spatial R-R manipulators where the location of the base has been pre-defined with respect to an arbitrary reference frame. In this problem four end-effector positions ͑not orientations͒ have been defined and it was shown that at the most there are four distinct manipulators to achieve the task.
In this paper, the geometric design problem of R-R spatial manipulators is solved with a new method that uses the DH parameters. Three end-effector positions and orientations are defined using three 4 by 4 homogenous transformation matrices. The loop-closure geometric equations provide the required number of design equations. Polynomial Elimination techniques are used to solve these equations and obtain the manipulator DH parameters including DH parameters that describe the location of the base frame with respect to an arbitrary reference frame and parameters associated with the end-effector. A sixth order polynomial is obtained in one of the design parameters. All six roots of this polynomial correspond to solutions of the problem but as Tsai and Roth ͓3͔ showed only two of the roots are real. A numerical example demonstrates the validity of the method. A novel method is applied to demonstrate that the two spatial R-R chains obtained as real solutions to the numerical example, can form a four-bar Bennett mechanism. Finally, two special cases where the orientations of any two or all three precision points are identical are solved using the DH formulation.
Background
The calculation of the geometric parameters of a mechanical system so that it guides a rigid body in a number of specified locations or precision points is referred in the literature as the Rigid Body Guidance Problem. In this paper, it will also be called the Geometric Design Problem. The precision points, i.e. spatial end-effector locations, are described by six parameters: three for position and three for orientation. This problem has been studied extensively for planar mechanisms and to a much lesser extent for spatial mechanisms. The number of precision points that may be prescribed for a given mechanism or manipulator is limited by the system type and the number of design parameters that are selected to be free choices ͓13͔.
Solution techniques for the geometric design problem may be classified into two categories: exact synthesis and approximate synthesis ͓14͔. Exact synthesis methods result in mechanisms and manipulators, which guide a rigid body exactly through the specified precision points. Solutions in the exact synthesis exist only if the number of equations obtained by the precision points is less than or equal to the number of design parameters. If the number of design equations is less than the number of design parameters, then the values of several of the design parameters become free choices so that a well-determined system is obtained. Obviously in this case, there is an infinite number of exact solutions, because any value can be selected for the design parameters that are free choices. For each manipulator/mechanism there is a specific number of precision points for which without selecting any free choices, there is a finite number of exact solutions to the geometric design problem. This number of precision points depends on the number of design parameters and the type of joints and can be calculated using Tsai and Roth's formula ͓15,16͔. In approximate synthesis, using an optimization algorithm, a mechanism is found that, although not guiding a rigid body exactly through the desired poses, it minimizes a distance criterion from all the desired poses. Approximate synthesis is mainly used in over-determined geometric design problems where more precision points are defined than required for exact synthesis and therefore no exact solution exists. A complete listing of the extensive amount of research that has been performed in the synthesis of spatial mechanisms, both exact and approximate, can be found in ͓14,17͔.
From a designer's point of view, it is always preferable to find exact solutions, if they exist, rather than approximate. Therefore it is important to know: a͒ the maximum number of precision points for which exact solutions to the geometric design problem of open and closed loop chains exist, b͒ the methods to calculate the exact solutions, and c͒ the number of distinct solutions to the problem. The equations for the geometric design problem of mechanisms and manipulators are mathematically represented by a set of nonlinear, highly coupled polynomial equations. All the solutions of these equations can be obtained by either numerical continuation methods or algebraic methods ͓18,19͔. In very simple planar systems, graphical methods have also been proposed, but they become inefficient to solve the design problems in complex planar and spatial systems ͓20,21͔. Roth and Freudenstein ͓22͔ were the first to use continuation methods to solve polynomial systems obtained in the kinematic synthesis of mechanisms. Later on, Morgan, Wampler, and Sommese ͓23͔ described the way continuation methods can be used to obtain all solutions to systems of polynomial equations arising in kinematics. Continuation methods are very efficient in obtaining all solutions in a unified way. However, these methods may require large computation time and they mask the effect that each design parameter has to the solution. Algebraic methods are of interest because they give all the solutions, they are fast, and they give full insight to the solution process.
Exact synthesis of planar mechanisms for rigid body guidance, using algebraic methods, has been studied extensively by many researchers and is described in most textbooks on mechanism synthesis ͓20,21,24͔. Very little work has been done on the exact synthesis of spatial mechanisms and manipulators using algebraic methods. Only in very few spatial manipulators and mechanisms has the geometric design problem, where no free choices are selected, been solved with algebraic methods. Most of the work in this area was performed for solving the exact synthesis of the spatial revolute-revolute ͑R-R͒ manipulators ͑see Section 1͒. Other than the R-R binary links, the geometric design problem has been solved algebraically for the following manipulators/ mechanisms. Innocenti ͓25͔ solved the geometric design problem for the sphere-sphere binary link. He showed that seven precision points are required and there are twenty distinct solutions at the most. Neilsen and Roth ͓26͔, based on the work of Chen and Roth ͓27͔, solved the same problem, using elimination techniques, for the slider-slider sphere dyad, cylinder-cylinder binary link, revolute-slider-sphere dyad and cylinder-sphere binary link. Roth ͓28͔, Murray and McCarthy ͓29͔ and recently Huang and Chang ͓30͔ solved the five precision point exact synthesis problem for cylinder-cylinder dyads. McCarthy ͓31͔ proposed a new method, based on screw theory, to solve the exact synthesis problem for several types of dyads. Perez and McCarthy ͓32͔ combined exact synthesis techniques with optimization methods to design a spatial R-R chain that reaches an arbitrary end-effector trajectory.
There exist, however, many types of robotic and other mechanical systems that are used very often in practical applications, such as the 3R, 4R, and 5R manipulators, for which the exact synthesis of the geometric design problem, without selecting free choices, has not been solved before. Ceccarelli ͓33͔ used a DH parameter formulation to obtain the design equations for spatial 3R manipulators when a number of end-effector positions ͑not orientations͒ are specified and used a Newton-Raphson algorithm to solve these equations. Tsai and Roth ͓34,10,15͔ used screw axis theory to obtain the design equations for triads and other open loop manipulators. For all possible open loop chains they specify the number of precision points needed for the exact synthesis. However, they did not solve these design equations and hence, to date it is not known how many distinct solutions exist and how to obtain these solutions.
Problem Formulation
In this work, the relative position of links and joints in mechanisms and manipulators is described using the variant of DH notation that was introduced by Pieper and Roth ͓35͔. In this formulation, the parameters a i , ␣ i , d i , and i are defined so that: a i is the length of link i, ␣ i is the twist angle between the axes of joints i and iϩ1, d i is the offset along joint i and i is the rotation angle about joint axis i as shown in Fig. 1 . When joint i is revolute, then Reference frame R i is attached at link i and its origin O i is the intersection point of the common perpendicular between axes i and iϪ1 with joint axis i. Unit vector z i of frame R i is along joint axis i; unit vector x i is along the common perpendicular of joint axes i and iϪ1. Positive directions for x i and z i are arbitrarily selected. ͑Note: letters in bold indicate vectors and matrices.͒ The homogeneous transformation matrix A i that describes reference frame R iϩ1 into R i , and its inverse matrix A i À1 are found to be equal to:
Consider the two-link open loop spatial chain with revolute ͑R͒ joints shown in Fig. 2 . Two frames are selected arbitrarily: a fixed reference frame R 0 and a moving end-effector frame R e . Frame R e will be defined in three distinct spatial locations. In addition to the two links of the manipulator, a stationary virtual link 0 is also assumed between axis z 0 of frame R 0 and the first revolute joint axis. Frames are defined at each link using the DH procedure described above. Frame R 1 which is stationary is defined attached at link 0 having its z 1 axis along the first revolute joint and its x 1 axis along the common perpendicular of z 0 and z 1 ͑Note: axes z 0 and z 1 are not parallel in the general case.͒ Frame R 2 is attached at the tip of link 1, and frame R 3 is attached at the tip of link 2. The axis z 3 is coincident with the axis z e of the end-effector frame. The axis x 3 is defined along the common perpendicular of z 2 and z e and the origin O 3 of R 3 is the point of intersection of z e with its common perpendicular with z 2 . So frames R 3 and R e have the same z axis.
The homogeneous transformation matrices A i , with iϭ0,1,2, describe frame R iϩ1 to R i . The homogeneous transformation matrix A describes R e into R 3 . The relationship between these frames is a screw displacement: a rotation around the z 3 axis and a translation d along the z 3 axis. Homogeneous transformation matrix A h relates directly the end-effector reference frame R e to the frame R 0 . Matrices A c and A h are written as:
where lϭ͓l 1 ,l 2 ,l 3 ͔ T , mϭ͓m 1 ,m 2 ,m 3 ͔ T , and nϭ͓n 1 ,n 2 ,n 3 ͔ T , are the 3 by 1 vectors of the direction cosines of R e in R 0 ͑Note: the superscript T denotes the transpose of a vector͒. The parameters x d , y d , and z d are the coordinates of the origin of R e in R 0 .
An important feature in the matrix definition above is the use of matrix A c . In general, six parameters are needed to describe one reference frame to another. The DH parametrization succeeds in using four parameters for the relative transformation between frames within the serial kinematic chain itself only after the various motion axes are fixed. However, a special treatment is required, either at the origin or at the end-effector of the serial chain, the latter case being used in this paper. Assuming directions for axes z 1 and z 2 relative to the fixed reference frame, then the displacement described by the product of matrices A 0 A 1 can be treated as a displacement of the fixed reference frame to the location of frame R 2 . At this stage, a general six parameter displacement is needed to transform frame R 2 into the end-effector frame R e . The transformations described by the matrices A 2 and A c provide the complete set of six parameters. The loop closure equation of the manipulator is used to obtain the design equations:
is a 4 by 4 matrix equation that results in six scalar independent equations. The right side of Eq. ͑3͒, i.e. the elements of matrix A h , are known since they represent the position and orientation of frame R e at each precision point. The left side of Eq. ͑3͒ contains all the unknown geometric parameters of the manipulator which are the DH parameters a i , ␣ i , d i and i for iϭ0,1,2, and parameters and d of matrix A c . Joint angles 1 and 2 have a different value for each precision point while all other 12 geometric parameters are constant. Thus for three precision points there are 18 unknown parameters in total, and there are 18 scalar equations that are obtained. Therefore, it is possible to solve this system of equations and obtain a finite number of solutions.
Due to the arbitrary selection of the positive direction of z i there will be two values for the twist angle, i.e. ␣ i and ␣ i ϩ, that correspond to the same joint axes i and iϩ1. Similarly, due to the arbitrary selection of the positive direction of x i , there will be two values for the joint angle, i.e. i and i ϩ, that describes the angle between x i and x i¿1 . The consequence is that in problems, such as the one that is studied in this paper, where angles ␣ i and i are calculated ͑see Section 4͒, both values for each one of these parameters will appear among the set of solutions. Obviously, only one of these values will be retained because they correspond to the same set of axes. Similar observations for the existence of redundant DH parameters to represent the same frame with respect to another frame have been made by several researchers such as ͓10,11͔.
Elimination Technique
The objective is to obtain one polynomial equation in one of the unknown design parameters. This polynomial will be obtained after consecutive eliminations of all other unknowns from the initial set of design equations. The proposed elimination technique is Transactions of the ASME based on the methods described by Roth ͓18͔ and Raghavan and Roth ͓19͔. However, several modifications are included here.
4.1 Elimination of 1 and 2 . In a first step of the elimination procedure, only the joint variables are eliminated. This will result in a new set of equations that contain only unknowns that do not change from precision point to precision point. In this way, for each new precision point that is defined, new equations are added that have exactly the same form as for the first precision point.
From Eq. ͑1͒, it can be seen that the 3 rd and 4 th columns of matrix A i À1 are independent of joint angle i . Therefore, if Eq. ͑3͒ is written as:
then the scalar equations that are obtained by equating the left and right side of the third and fourth columns of matrix Eq. ͑4͒ will be devoid of joint angle 2 .
From the third column of Eq. ͑4͒, three scalar equations are obtained:
where: p i ϭl i s ϩm i c , with iϭ1,2,3.
From the fourth column of Eq. ͑4͒, another three scalar equations are obtained:
By calculating c 1 from Eq. ͑7͒ and s 1 from Eq. ͑10͒ and then substituting them in Eqs. ͑5͒, ͑6͒, ͑8͒ and ͑9͒ four equations devoid of 1 and 2 are obtained.
Elimination of Constant Parameters.
Equations ͑5͒, ͑6͒, ͑8͒ and ͑9͒, after the elimination of 1 , are written for each one of the three precision points. In total, there are 12 equations and there are 12 structural parameters to calculate which are: a 0 , ␣ 0 , d 0 , 0 , a 1 , ␣ 1 , d 1 , a 2 , ␣ 2 , d 2 , and d. In these equations, there are terms that do not change from precision point to precision point and there are terms which have coefficients which are elements of matrix A h and therefore depend on each precision point. By subtracting each one of these equations for the second and third precision points from the corresponding equation for the first precision point, eight equations are obtained where all constant terms have been eliminated. 2 The eliminated terms contained the parameters a 0 , d 0 and d 1 . Also, the subtraction of the equations combined with the substitution of the expressions for s 1 and c 1 that was found from Equations ͑7͒ and ͑10͒ has as a consequence that the eight equations to depend only on the ratio of a 1 /s ␣1 and not on both of these variables. Therefore, the eight equations depend on eight unknown parameters which are: ␣ 0 , 0 , s ␣1 /a 1 , a 2 , ␣ 2 , d 2 , and d. In these equations, two of the unknowns ␣ 0 , 0 , ͑i.e. their sine and cosine functions͒, are suppressed in the coefficients while the other six form seven power products which are:
Then the eight equations are written in the following matrix form: 
2 The subtraction of one equation for a precision point from the same equation for the other precision points so that constant terms are eliminated has often been used in the algebraic synthesis of planar and spatial mechanisms and manipulators as for example in ͓10,11,25,31͔.
where: 2, 3 and Jϭ2, 3. M 1 is an 8 by 7 matrix whose elements are functions of ␣ 0 , 0 , and X 1 is the 7 by 1 vector of power products. By choosing any 7 equations of the 8 of Eq. ͑11͒, then a square homogeneous system is formed:
where M 1 i is a 7 by 7 submatrix of M 1 and superscript i ϭ1 . . . 8, indicates the 7 by 7 submatrix of M 1 where row i has been deleted. This homogeneous system can not accept the trivial solution, i.e. zero value for all elements of X 1 because one power product is equal to unity and can not take the zero value. Therefore, the determinant of each one of those eight submatrices is set to zero and eight equations in ␣ 0 and 0 , are obtained:
In all Eqs. ͑13͒, the functions of 0 are suppressed in the coefficients while the functions of ␣ 0 form a new vector of power products:
where M 2 is an 8 by 8 matrix whose elements are functions of 0 and X 2 is a 8 by 1 vector equal to:
T Note: In the first 4 lines of M 2 the elements of the last column are zero, and in the last 4 lines of M 2 the elements of the first two columns are zero.
The following trigonometric substitutions are performed for the sine and cosine of ␣ 0 :
where: t ␣0 ϭtan(␣ 0 ). It has to be noted that these substitutions for s ␣0 and c ␣0 are functions of the tangent of ␣ 0 and not of the tangent of half angle of ␣ 0 that is very often used in kinematics. Doing these substitutions the following equation is obtained:
where M 3 is an 8 by 5 matrix whose elements are functions of 0 . The columns of M 3 are obtained from linear combinations of the columns of M 2 after substitutions of Eq. ͑15͒ are performed. Vector X 3 is a 5 by 1 vector equal to:
T Selecting 5 equations from the 8 of Eq. ͑16͒, then a square homogeneous system is formed: 
where t 0 ϭtan( 0 ). After these substitutions, a polynomial of order 6 in t 0 is obtained:
The six roots of Eq. ͑20͒, give six solutions for t 0 and hence for 0 . Obviously for each value of t 0 two solutions for 0 are obtained: 0 and 0 ϩ. As it was explained in Section 3, both values correspond to the same axes arrangement and only one of them is considered.
Tsai and Roth ͓3͔ also obtained a sixth order polynomial which was reduced to a 3 rd order polynomial in the square of an intermediate variable. They have shown that the sixth order polynomial can only have two real roots. All other roots, although they satisfy the original set of equations and mathematically they are valid solutions to the problem, they always remain in the complex domain and hence they do not have any physical meaning. Although, we do not have a new proof that four roots of this polynomial always lie in the complex domain, extensive numerical examples verified Tsai and Roth's conclusion.
Back-Substitution.
Each value of 0 is substituted in the set of Eq. ͑16͒. Any four of these equations can be used to form a linear system and calculate one value for t a0 and hence for ␣ 0 .
The values of ␣ 0 and 0 , are substituted in Eq. ͑11͒. Seven equations out of the eight from Eq. ͑11͒ can be selected and form a linear system with the power products A, B, C, D, E, F, G as unknowns. Solving this linear system, the values of A, B, C, D, E, F, G are obtained. By dividing A with B the tangent of is obtained and hence angle . By dividing A or B with C and knowing , the tangent of ␣ 2 is obtained and hence angle ␣ 2 . Knowing ␣ 2 and , from anyone of A, B and C the value of a 1 /s ␣1 is obtained. In the expressions of E and F, only a 2 and d 2 are unknowns and they can be calculated solving a simple 2 by 2 linear system. Using all values that have been calculated so far, the parameter d can be calculated from the value of G.
The calculated values of ␣ 0 , 0 ,s ␣1 /a 1 ,a 2 ,␣ 2 ,d 2 , and d are substituted in Eqs. ͑5͒, ͑6͒, ͑8͒, and ͑9͒ where the terms c 1 and s 1 have been substituted with their symbolic expressions from Eqs. ͑7͒ and ͑10͒. In this step of the solution process, only one of the three precision points is needed. The left sides of the equations have four linear unknowns: a 0 , d 0 , d 1 , and cos(␣ 1 ). The right sides have already been calculated. Solving this 4 by 4 linear system the 4 unknowns are calculated. Then, from the value of cos(␣ 1 ) two values are obtained for angle ␣ 1 that have opposite sign but only one of them is correct. The correct ␣ 1 is the one that results in a positive value for a 1 when this parameter is calculated from the expression s ␣1 /a 1 . The joint angle 1 for each precision point is found by calculating cos( 1 ) from Eq. ͑7͒ and sin( 1 ) from Eq. ͑10͒. Finally, the joint angle 2 for each precision point is found from the loop closure Eq. ͑4͒ that is re-written so that matrix A 2 is on the left side and all other matrices which are now known are on the right side. From the first two elements of the 4 th column joint angle 2 can easily be calculated.
Hence all eighteen DH parameters have been calculated using the eighteen equations defined by the three precision points. The solution methodology developed in this section is based on the assumption that the three precision points have distinct positions and orientations. If any two or all three precision points have the same end-effector orientation or position then this means that the designer specifies less equations than the 18 that are needed to have a well determined system. In such cases the system of equations may have an infinity of solutions since free choices would have to be selected, or the problem may not have a solution or in order to have a solution some of the DH parameters may take special values such as the zero value. While it is outside the scope of this paper to make a complete study of such degenerate cases we have studied two special cases and the results are shown in identical; and ͑b͒ when any two orientations are identical, and the third is distinct.
Numerical Example
A numerical example for solving the geometric design problem of a spatial open loop R-R robot manipulator using the algorithm that was presented in Section 4, is shown below. All calculations were performed with 20 decimal numbers using the symbolic calculation software package Maple V, Release 5. Due to space limitations and for simplicity, only 5 decimal numbers have been included in the numerical results shown below. The algorithm was implemented in a hybrid numerical/symbolic form where the numerical values of the precision points are used while all unknowns are used in their symbolic form. This is due to the fact that fully analytical calculation of the determinant of the 7ϫ7 matrices in Eq. ͑13͒ and of the 5ϫ5 matrix in Eq. ͑18͒ gives very large expressions and is very time consuming with Maple at the present time. The algorithm can also be implemented using any other computer language such as C, Fortran, Pascal or Matlab in a pure numerical form.
Three precision points are arbitrarily selected. These precision points are defined by the position coordinates of the origin of the end-effector frame with respect to the fixed reference frame and the direction cosines of the end-effector frame with respect to the fixed reference frame. The three precision points are graphically represented in Fig. ͑3͒ . These three precision points that are selected give the following A hi matrices where iϭ1,2,3: where I is the imaginary unit.
As it is expected from the work of Tsai and Roth ͓3͔ only two roots are real which give two real values for t 0 and hence for 0 . Doing back substitution of the real values of 0 , all other DH parameters are calculated. There are two sets of solutions that correspond to the two real roots and are given in Table 1 . These two solutions have been graphically represented using the CAD package Pro-Engineer. Figure 3 shows the manipulator that cor- Table 1 Two R-R chains corresponding to the real solutions of the 6th degree polynomial responds to the first solution as it places its end-effector frame in all the precision points. Figure 4 shows the manipulator that corresponds to the second solution. Back substitution of the complex roots will also provide complex numbers for the DH parameters of ''virtual'' manipulators which although they verify the original design equations, they do not have any physical meaning and hence are not shown in Table 1 . In Table 1 , the units for angular parameters are in degrees while the units for lengths can be anything provided that it is consistent with the units used to define the end-effector position coordinates shown in the 4th column of matrices A h . In Appendix 2 it is shown that the two spatial R-R manipulators of Table 1 can form a four-bar Bennett mechanism. This is in agreement to what Suh ͓4͔ and Veldkamp ͓7͔ have shown.
Conclusions
In this paper, the geometric design problem of spatial two-link robot manipulators with revolute joints is revisited and solved using a new polynomial elimination method. The method that has been presented calculates the manipulator DH parameters given three spatial end-effector locations. Two special cases of this problem, where the orientations of two or three precision points are identical are also solved using the DH formulation.
One of the advantages of the algorithm presented in this paper is that it can be integrated in manipulator design software packages that are using the DH formulation. In addition, the novel formulation of the geometric design problem for spatial R-R manipulators as it is presented in this paper can easily be extended for the 3R, 4R and 5R spatial chains and provide new design equations for the rigid body guidance problem of these manipulators. Our current and future work is directed towards the application of this formulation in solving the rigid body guidance problem of spatial 3R chains with three, four and five precision points. 
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Appendix 1: Special Cases
In the solution methodology presented in Section 4, it is assumed that the orientations of all three precision points are different. If all orientations or any two of them are identical, then all 7ϫ7 sub-matrices of M 1 in Eq. ͑12͒ have linear dependent rows. Hence, their determinant becomes zero and Eq. ͑12͒ can not provide the equations needed to continue the solution process. In this Appendix, two special cases of the geometric design problem of the R-R spatial manipulators are studied which are: ͑a͒ all three specified orientations are identical; and ͑b͒ any two of the specified orientations are the same. The later case is impossible, for if it is true, when Eqs. ͑8͒, ͑9͒ and ͑10͒ at precision point 1 are subtracted by the corresponding equations at precision point 2, they yield that the coordinates of the origins of the frames in the two precision points are also the same which means that the two precision points are identical. Therefore, whenever the orientations of two precision points are identical, s ␣1 is zero. This shows that the axes of joints 1 and 2 are parallel and angle ␣ 1 is equal to zero. ͑Note: as it was explained at the end of Section 3, the value of angle ␣ 1 equal to describes the same set of lines͒.
Three
Since z 1 is parallel to z 2 , the end-effector of the R-R manipulator can only move within a plane, which is normal to z 1 . In order that the end-effector passes through all three precision points, z 1 must therefore be parallel to the normal of the plane defined by the origins of the frames defined by the three precision points. This shows that the manipulator is essentially planar with a nonplanar end-effector.
Knowing that angle ␣ 1 is equal to zero then the calculation of the other DH parameters is done with the following way. With no loss of generality, the fixed reference frame R 0 can be chosen so that its orientation is identical to that of the three precision points. Then, Eqs. ͑5͒, ͑6͒ and ͑7͒ reduce to, ( jϭ1,2,3) .
The rest of the constant DH parameters which are a 0 , a 2 , d 0 , d 1 , d 2 and d ͑recall that P, Q and R are linear functions of a 2 , d 2 and d͒ can be calculated from the 3 Eq. ͑A.9͒ since U, V and W are known. The problem is that there are only 3 equations for 6 unknowns and therefore, three free choices need to be selected.
Two Orientations are Identical.
Without loss of generality, suppose that the orientations of precision points 1 and 2 are identical and the 3rd precision point has a different orientation. Let the fixed reference frame R 0 has the same orientation as the 1st and 2nd precision points. Therefore, the rotation matrices T i of the end-effector matrices A hi where iϭ1,2,3 have the following form: Table 2 DH parameters for four-bar linkage formed by the joint axes of the two spatial R-R manipulators of Table 1 
